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The continuum-fitting and the iron line methods are leading techniques capable of probing the
spacetime geometry around astrophysical black hole candidates and testing the no-hair theorem. In
the present paper, we review the two approaches, from the astrophysical models and their assump-
tions, to the constraining power with present and future facilities.
I. INTRODUCTION
In 4-dimensional general relativity, black holes are de-
scribed by the Kerr-Newman solution and are completely
characterized by only three parameters, associated with
the mass M , the spin angular momentum J , and the elec-
tric charge Q of the compact object. The “no-hair the-
orem” describes that black holes have only these three
asymptotic charges and no more. This theorem was pi-
oneered by Israel [1], Carter [2], and Robinson [3] al-
most 50 years ago, and its final version is still a work
in progress (for a review, see e.g. Ref. [4]). The name
no-hair is to indicate that black holes have no features
(hairs), although to be precise, black holes can only have
three hairs (M , J , and Q). The fact that there is only the
Kerr-Newman solution is the result of the “uniqueness
theorem”. In the context of tests of the Kerr metric and
of general relativity, both theorems are relevant. E.g., as
a matter of principle, one may have different classes of
black holes (each with characteristic M , J , and Q hairs),
thus violating the uniqueness theorem, without any vio-
lation of the no-hair theorem.
The no-hair theorem holds under specific assumptions.
For instance, it is violated in more than 4 dimensions [5].
“Hairy” black holes naturally arise in the presence of non-
Abelian gauge fields [6, 7]. In some alternative theories
of gravity, the theorem may still holds, and an example is
a simple scalar-tensor theory, in which the black hole so-
lutions are the same as in general relativity [8]. In other
frameworks, the black hole solutions of general relativity
may still be solutions of the new field equations, but their
uniqueness is not guaranteed. A relevant example of vi-
olation of the no-hair theorem is presented in the recent
paper by Herdeiro and Radu [9].
In general, we can distinguish two kinds of hairs, called,
respectively, primary and secondary hairs. Primary hairs
are real hairs of the black hole: if such hairs were to ex-
ist, then M , J , and Q would not completely characterize
the compact object, and one or more additional parame-
ters would be necessary. An example is a 5-dimensional
∗ Einstein Fellow
Myers-Perry black hole: it is the 5-dimensional general-
ization of Kerr black holes and it has two angular mo-
menta, so one more hair: J ′ [5]. Secondary hairs are
instead related to some new charge that is common to
all black holes. For instance, in Einstein-dilaton-Gauss-
Bonnet gravity, a black hole has a scalar charge propor-
tional to the volume integral of the Gauss-Bonnet invari-
ant [10–14]; that is, the scalar charge is determined by
the black hole mass and it is not an additional degree of
freedom.
Astrophysical black hole candidates are dark and com-
pact objects that can be naturally interpreted as the
black holes of general relativity or instead they could be
something else only in the presence of new physics [15].
Stellar-mass black hole candidates in X-ray binaries are
compact objects that are too massive to be neutron stars
for any plausible matter equation of state [16]. Their
mass can be measured by dynamical methods, by study-
ing the orbital motion of the companion star, usually with
optical observations [17]. The size of these objects follows
from the short time scale variability. Supermassive black
hole candidates in galactic nuclei are too massive, too
compact, and too old to be cluster of neutron stars. The
expected lifetime due to evaporation or physical collision
would be shorter than the age of these systems [18].
It is worth noting that the spacetime geometry around
astrophysical black holes formed by gravitational collapse
should be well described by the stationary Kerr solution
with |J/M2| ≤ 1. In general relativity, initial deviations
from the Kerr metric are indeed quickly radiated away
through the emission of gravitational waves (“black holes
rapidly go bald”) [19]. The equilibrium electric charge is
extremely small for macroscopic objects and irrelevant
in the spacetime geometry, so we can safely assume that
Q = 0 [20–23]. The presence of an accretion disk is nor-
mally a completely negligible influence, because the disk
mass is several orders of magnitude smaller than the mass
of the black hole [24, 25]. The spin is constrained to be
|J/M2| ≤ 1 because, otherwise, there would be no black
hole but a naked singularity. While one may argue that
new physics may eliminate the singularity [26], and that
spin measurements should not assume any a priori con-
straint [27–30], it appears today that Kerr “superspinars”
are not viable black hole candidates. First, it does not
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2appear posssible to create a Kerr naked singularity [31–
33]. Second, and more importantly, even if created, a
similar object would be very unstable and would quickly
decay [34].
Testing the no-hair theorem with astrophysical black
hole candidates is often interpreted to mean testing the
Kerr metric. However, strictly speaking, a non-Kerr
black hole might still be completely characterized by M
and J only. For instance, this would be the case for
uncharged black holes with secondary hairs. The aim of
this paper is to briefly review present attempts to test the
no-hair theorem with the continuum-fitting and the iron
line methods. More details on tests of the Kerr metric
with these and other electromagnetic techniques can be
found in [35, 36] and references therein. Tests with grav-
itational waves are reviewed in [37, 38]. The continuum-
fitting and the iron line methods are today the primary
tools for probing the spacetime geometry around astro-
physical black hole candidates. They are presently being
used to measure the spin under the assumption of the
Kerr metric, and by extension they can be used to test
the no-hair theorem.
Continuum-fitting refers to the analysis of the ther-
mal spectrum of thin disks. These measurements are
relatively robust, because the underlying physics is well
known. However, the spectrum of thin disks has a simple
shape and it is accordingly quite challenging to constrain
deviations from the Kerr solution. Still, some interesting
bounds can be obtained from the observations of black
hole candidates that look like fast-rotating Kerr black
holes.
The iron-line method involves analysis of the X-ray re-
flection emission component. Such emission results from
the illumination of the disk by a hot corona and con-
sists of a broadband continuum plus several fluorescent
lines. Most pronounced in the observational band is the
iron line; the detailed modeling of the profile of this line
(and similar features) readily provides information on the
spacetime geometry. This technique is potentially more
powerful than the continuum-fitting approach, because
the profile of the line has distinctive structure. How-
ever, there are systematic uncertainties in the method-
ology which are not understood at more than a cursory
level. In particular, the exact geometry of the corona is
not known. The continuum-fitting method has enormous
statistical precision and is generally limited by external
knowledge of the system mass and distance. By contrast,
the iron line method is generally limited by signal in the
line, as well as systematic limitations of the model. In
the future, with X-ray observatories with larger effective
areas, the iron line analysis will be able to do a better
job if the underpinning model and system geometry are
known to high precision.
In the next sections, we will use natural units in which
GN = c = 1, unless stated otherwise, and adopt a metric
signature (−+ ++).
II. TEST-METRICS
In tests of the no-hair theorem with black hole candi-
dates, it is common to use a model-independent approach
that closely resembles the PPN (Parametrized Post-
Newtonian) formalism. In the PPN case, one wants to
test the Schwarzschild solution in the weak field limit [39].
The starting point is to assume the most general static,
spherically symmetric, and asymptotically flat line ele-
ment in the weak field limit (M/r  1). In isotropic
coordinates, it reads
ds2 = −
(
1− 2M
r
+ β
2M2
r2
+ ...
)
dt2
+
(
1 + γ
2M
r
+ ...
)(
dx2 + dy2 + dz2
)
, (1)
where β and γ are free parameters to be measured by
experiments. The only spherically symmetric vacuum
solution of Einstein’s field equations is the Schwarzschild
metric and it requires β = γ = 1. Current observational
data in the Solar System constrain β and γ to be 1 with a
precision, respectively, of 10−4 and 10−5, confirming the
Schwarzschild solution at this level of accuracy [40, 41].
With the same spirit, one can write a more general
metric than the Kerr solution and that includes the Kerr
solution as a special case. In addition to M and J , the
line element will have a number of deformation parame-
ters that, like β and γ in the PPN metric, parametrize
possible deviations from the predictions of general rela-
tivity. These deformation parameters must be measured
by observations and, a posterior, one can check whether
they vanish, as required by the Kerr black hole hypothe-
sis. In principle, one should use a general metric capable
of mimicking black hole solutions in alternative theories
for a proper choice of the value of its deformation pa-
rameters. In practice, this is quite challenging, and so
there are several efforts to find a successful parametriza-
tion that can reproduce the known non-Kerr black hole
solutions using the smallest possible number of extra pa-
rameters.
A very popular choice is the Johannsen-Psaltis met-
ric [42]. It is not a solution of a specific alternative the-
ory of gravity. In Boyer-Lindquist coordinates, the line
element reads
ds2 = −
(
1− 2Mr
Σ
)
(1 + h) dt2 − 4Mar sin
2 θ
Σ
(1 + h) dtdφ+
Σ (1 + h)
∆ + ha2 sin2 θ
dr2 + Σdθ2
+
[
r2 + a2 +
2a2Mr sin2 θ
Σ
+
a2 (Σ + 2Mr) sin2 θ
Σ
h
]
sin2 θdφ2 , (2)
3where a = J/M is the specific spin, Σ = r2 + a2 cos2 θ,
∆ = r2 − 2Mr + a2, and
h =
+∞∑
k=0
(
2k + 2k+1
Mr
Σ
)(
M2
Σ
)k
. (3)
The metric has an infinite set of deformation parameters
{k} and it reduces to the Kerr solution when all the
deformation parameters vanish. However, 0 must vanish
to recover the correct Newtonian limit, while 1 and 2 are
already strongly constrained by experiments in the Solar
System. The simplest non-trivial metric is thus that with
3 free and with all the other deformation parameters set
to zero.
An extension of the Johannsen-Psaltis metric is the
Cardoso-Pani-Rico parametrization [43]. Its line element
is
ds2 = −
(
1− 2Mr
Σ
)(
1 + ht
)
dt2 − 2a sin2 θ
[√
(1 + ht) (1 + hr)−
(
1− 2Mr
Σ
)(
1 + ht
)]
dtdφ
+
Σ (1 + hr)
∆ + hra2 sin2 θ
dr2 + Σdθ2 + sin2 θ
{
Σ + a2 sin2 θ
[
2
√
(1 + ht) (1 + hr)−
(
1− 2Mr
Σ
)(
1 + ht
)]}
dφ2 , (4)
where
ht =
+∞∑
k=0
(
t2k + 
t
2k+1
Mr
Σ
)(
M2
Σ
)k
, (5)
hr =
+∞∑
k=0
(
r2k + 
r
2k+1
Mr
Σ
)(
M2
Σ
)k
. (6)
Now there are two infinite sets of deformation param-
eters, {tk} and {rk}. The Johannsen-Psaltis metric is
recovered when tk = 
r
k for any k, and the Kerr metric
when tk = 
r
k = 0 for any k.
Other tests-metrics have been proposed, see e.g.
Refs. [44–48]. For the moment, there is not a general
formalism as the PPN metric, as the present parametriza-
tions cannot account for fully arbitrary deviations from
Kerr and instead represent specific deviation classes. Ac-
cordingly, any proposal has its advantages and disadvan-
tages, and the choice of the metric may thus be deter-
mined by the particular study that one has in mind.
III. CONTINUUM-FITTING METHOD
The continuum-fitting method involves analysis of the
thermal spectrum of thin accretion disks. For the mo-
ment, it has been used predominantly for stellar-mass
black hole candidates, because the temperature of the
disk scales as T ∝ M−0.25 and the spectrum is in the
X-ray band for stellar-mass black hole candidates and in
the UV/optical band for supermassive black hole candi-
dates. In the latter case, extinction and dust absorption
limit the ability to make an accurate measurement.
A. Novikov-Thorne model
The Novikov-Thorne model is the standard framework
to describe geometrically thin and optically thick accre-
tion disks [49, 50], and it is the relativistic generaliza-
tion of the Shakura-Sunyaev model [51]. Accretion is
possible because viscous magnetic/turbulent stresses and
radiation transport energy and angular momentum out-
wards. The model requires that the spacetime is station-
ary, axisymmetric and asymptotically flat, and that the
disk is axisymmetric and in a steady state. The model
assumes that the disk is in the equatorial plane, that
the particles of the disk follows nearly geodesic circular
orbits, and that the radial heat transport is negligible
compared to the energy radiated from the surface of the
disk. The time-averaged radial structure of the disk fol-
lows from the conservation laws for the rest-mass, angu-
lar momentum, and energy [50]. The radius-independent
time-averaged mass accretion rate M˙ , the time-averaged
energy flux F(r) from the surface of the disk, and the
time-average torque W rφ(r) are given by [50]
M˙ = −2pi√−GΣ˜ur = const. , (7)
F(r) = M˙
4piM2
F (r) , (8)
W rφ(r) =
M˙
2piM2
ΩLz − E
∂rΩ
F (r) . (9)
Here Σ˜ is the surface density, ur is the radial 4-velocity
of the particles of the gas, G = −α2grrgφφ is the de-
terminant of the near equatorial plane metric, where
α2 = g2tφ/gφφ − gtt is the lapse function. E, Lz, and
Ω are, respectively, the specific energy, the axial compo-
nent of the specific angular momentum, and the angular
velocity for equatorial circular geodesics. F (r) is the di-
mensionless function
F (r) = − ∂rΩ
(E − ΩL)2
M2√−G
∫ r
rin
(E − ΩL)(∂ρL)dρ , (10)
where rin is the inner radius of the accretion disk. A
crucial assumption in the Novikov-Thorne model is that
the inner edge of the disk is at the radius of the innermost
stable circular orbit (ISCO).
4The disk is in local thermal equilibrium and therefore
its emission is blackbody-like and we can define an effec-
tive temperature Teff(r) by F(r) = σT 4eff , where σ is the
Stefan-Boltzmann constant. Since the temperature of the
disk near the inner edge can be high, up to ∼ 107 K for
stellar-mass black hole candidates, corrections for non-
blackbody effects can be important. This is usually taken
into account by introducing the color correction term (or
hardening factor) fcol, which is largely due to electron
scattering in the disk and in practice is obtained from
disk atmosphere models [52, 53]. The color temperature
is defined as Tcol(r) = fcolTeff . The local specific inten-
sity of the radiation emitted by the disk is (reintroducing
the speed of light c)
Ie(νe) =
2hν3e
c2
1
f4col
Υ
exp
(
hνe
kBTcol
)
− 1
, (11)
where νe is the photon frequency, h is the Planck’s con-
stant, kB is the Boltzmann constant, and Υ is a function
of the angle between the wavevector of the photon emit-
ted by the disk and the normal of the disk surface, say
ξ. The two most common options are Υ = 1 (isotropic
emission) and Υ = 12 +
3
4 cos ξ (limb-darkened emission).
The choice of the form of Υ affects the final measurement,
but the impact is small. It is one of the uncertainties in
the model.
The calculation of the thermal spectrum of thin accre-
tion disks has been extensively discussed in the literature;
see e.g. [54, 55] and references therein. The photon flux
number density as measured by a distant observer is
NEobs =
1
Eobs
∫
Iobs(ν)dΩobs =
1
Eobs
∫
g3Ie(νe)dΩobs = A1
(
Eobs
keV
)2 ∫
1
M2
ΥdXdY
exp
[
A2
gF 1/4
(
Eobs
keV
)]− 1 , (12)
where (reintroducing the constants GN and c and correcting a typo in Eq. (6) in Ref. [55], where the Planck’s constant
h in A1 appears without 3/2)
A1 =
2 (keV)
2
f4col
(
GNM
c3h3/2D
)2
=
0.07205
f4col
(
M
M
)2(
kpc
D
)2
γ keV−1 cm−2 s−1 ,
A2 =
(
keV
kBfcol
)(
GNM
c3
)1/2(
4piσ
M˙
)1/4
=
0.1331
fcol
(
1018 g s−1
M˙
)1/4(
M
M
)1/2
. (13)
Iobs, Eobs, and ν are, respectively, the specific intensity
of the radiation, the photon energy, and the photon fre-
quency measured by the distant observer. X and Y are
the coordinates of the position of the photon on the sky,
dΩobs = dXdY/D
2 is the element of the solid angle sub-
tended by the image of the disk on the observer’s sky, and
D is the distance of the source. g is the redshift factor
g =
Eobs
Ee
=
ν
νe
=
kαu
α
obs
kβu
β
e
, (14)
where Ee = hνe, k
α is the 4-momentum of the photon,
uαobs = (1, 0, 0, 0) is the 4-velocity of the distant observer,
and uαe = (u
t
e, 0, 0,Ωu
t
e) is the 4-velocity of the emitter.
Ie(νe)/ν
3
e = Iobs(νobs)/ν
3 follows from Liouville’s theo-
rem.
Using the normalization condition gµνu
µ
e u
ν
e = −1, we
have
ute =
1√−gtt − 2gtφΩ− gφφΩ2 , (15)
and therefore
g =
√−gtt − 2gtφΩ− gφφΩ2
1 + λΩ
, (16)
where λ = kφ/kt is a constant of the motion along the
photon path. Doppler boosting and gravitational redshift
are taken into account by the redshift factor g.
In Eq. (12), g and F depends on the emission point in
the disk, re. The integral thus requires ray tracing calcu-
lations to relate any point of emission in the disk to the
point of detection in the plane of the distant observer.
In other words, it is necessary to have g = g(X,Y ) and
F = F (X,Y ). In the Kerr metric, because of the pres-
ence of the Carter constant, in Boyer-Lindquist coordi-
nates the photon equations of motion are separable and
of first order. Since the spacetime is stationary and ax-
isymmetric, eventually it is only necessary to solve the
motion in the (r, θ) plane, which (in the specific case of
the Kerr metric in four dimensions) can be reduced to
the problem of solving some elliptic integrals [54].
In extensions of the Kerr metric, the presence of the
Carter constant still results in separable equations of mo-
tion, but one has now to solve at least hyper-elliptic in-
tegrals. In the case of a general stationary and axisym-
metric metric without Carter constant, it is necessary to
solve the second order geodesic equations. Usually it is
computationally more convenient to start from the point
5of detection in the plane of the distant observer and trace
backward in time the photon trajectory to find the emis-
sion point in the disk. More details can be found, for
instance, in Ref. [55].
B. Spin measurements with the continuum-fitting
method
The continuum-fitting method was originally proposed
and then developed to measure the spin parameter un-
der the assumption that astrophysical black hole candi-
dates are the Kerr black holes of general relativity [56–
58]. Within the Novokov-Thorne model, the spectrum
depends on five parameters: the black hole mass M , the
black hole spin parameter a∗ = a/M , the mass accretion
rate M˙ , the inclination angle of the disk with respect to
the line of sight of the distant observer i, and the dis-
tance of the source D. The impact of these parameters
on the shape of the spectrum is shown in Fig. 1. If it
is possible to get independent estimates of M , i, and D
(typically from optical observations), one can fit the soft
X-ray component to infer a∗ and M˙ .
Current spin estimates via the continuum-fitting
method of the spins of stellar-mass black hole candidates
under the assumption of the Kerr background are re-
ported in the second column in Tab. I. As we can see,
some objects look like very fast-rotating black holes with
a∗ close to 1, some objects have an intermediate value
of the spin parameter, and other sources are consistent
with non-rotating black holes. There is (controversial)
evidence for at least one negative value of the spin param-
eter; that is, these objects would have a counterrotating
disk.
The validity of the Novikov-Thorne model and there-
fore the reliability of the continuum-fitting method has
been explored and confirmed in a number of studies. A
requirement in the application of the method is that the
source exhibits a strong contribution from the thermal
disk emission. Frequently, when employing models re-
stricted to treating thin disks, one restrictively considers
a luminosity range between a few percent and 30% of the
Eddington limit [59].
A crucial assumption in the model is that the inner
edge of the disk is at the ISCO and that when the gas
reaches the ISCO it quickly plunges onto the black hole
without emitting other radiation. In the Kerr metric,
there is a one-to-one correspondence between the spin
parameter a∗ and the ISCO radius rISCO (see Fig. 2)
and this is the property which enables measurement of
the spin. Observations show that the inner edge of the
disk does not change appreciably over several years when
the source is in the thermal state. The most compelling
evidence comes from LMC X-3. The analysis of many
spectra collected during eight X-ray missions and span-
ning 26 years shows that the radius of the inner edge of
the disk is quite constant [82], see Fig. 3. The most nat-
ural interpretation is that the inner edge is associated to
some intrinsic property of the geometry of the spacetime,
namely the radius of the ISCO, and it is not affected by
variable phenomena like the accretion process.
From the theoretical point of view, the fact that the in-
ner edge of the disk is at the ISCO radius is related to the
assumption of the model that the shear stress, driving the
accretion at large radii, vanishes at the ISCO. Within a
hydrodynamical description, the problem has been stud-
ied in Refs. [83–85], and the conclusion is that deviations
from the Novikov-Thorne model decrease monotonically
with the disk thickness h/r. So, thin disks with h/r  1
should be well described by the Novikov-Thorne model.
The case of magnetized accretion disks is more tricky,
and studies with 3-dimensional general relativistic mag-
netohydrodynamics (GRMHD) simulations have been re-
ported in Refs. [86–90]. In particular, the impact of
deviations from the Novikov-Thorne model in the spin
measurements have been discussed in Ref. [91]. Without
invoking the details, it was found that there are indeed
deviations from the theoretical model: some radiation is
emitted inside the ISCO and the peak emission seems to
be at smaller radii with respect to the Novikov-Thorne
prediction. Both effects would lead to overestimate the
value of the spin. Fig. 4 from Ref. [91] compares the disk
luminosity from GRMHD simulations (solid lines) with
the Novikov-Thorne model (dashed lines) for a∗ = 0, 0.7,
0.9, 0.98 (from bottom to top). The error in the spin es-
timate due to these deviations from the Novikov-Thorne
model is smaller for low viewing angles and high spins,
and larger for high viewing angles and low spins. The
deviations decrease as the disk thickness h/r decreases.
In the end, these effects do not seem to be important
for current spin measurements, particularly because spin
errors are dominated by the uncertainties in the measure-
ments of M , D, and i, but also because any additional
radiation appears to manifest distinctly as the nonther-
mal component [91, 92].
Commonly for continuum fitting, one must make the
assumption that the spin axis is aligned perpendicular to
the binary orbital plane. If the black hole candidate is the
final product of the supernova explosion of a heavy star
in a binary, its spin should be orthogonal to the orbital
plane of the binary in the case of a symmetric explosion
without strong shock and kick [93]. A misalignment may
be introduced by a non-symmetric supernova explosion
and/or shock and kick, as well as in those systems formed
through multi-body interactions (binary capture or re-
placement), where the orientation of the spin of the black
hole candidate and that of the orbital angular momen-
tum of the binary are initially uncorrelated. However,
the inner part of the disk – which is the one important
in the continuum-fitting measurement – can be expected
to be in the equatorial plane perpendicular to the spin
of the black hole candidate as a result of the Bardeen-
Petterson effect [94, 95]. This mechanism works for thin
disks, because it requires α > h/r, where α ∼ 0.01− 0.1
is the viscosity parameter. The alignment timescale of
thin disks should be ∼ 107 years, and therefore the inner
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FIG. 1. Impact of the model parameters on the thermal spectrum of a thin disk: mass M (top left panel), mass accretion
rate M˙ (top right panel), viewing angle i (central left panel), distance D (central right panel), spin parameter a∗ (bottom left
panel), and Johannsen-Psaltis deformation parameter 3 (bottom right panel). When not shown, the values of the parameters
are: M = 10 M, M˙ = 2 · 1018 g s−1, D = 10 kpc, i = 45◦, a∗ = 0.7, and 3 = 0. M in units of M, M˙ in units of 1018 g s−1,
D in kpc, flux density NEobs in photons keV
−1 cm−2 s−1, and photon energy Eobs in keV.
part of the disk should be in the equatorial plane if the
black hole binary is not too young [96] (but see [97, 98]
for more details). Future X-ray spectropolarimetric mea-
surements of the thermal spectrum of the accretion disk
will be able to check the validity of the assumption of the
disk in the equatorial plane [99–101].
7BH Binary a∗ (CF) a∗ (iron) Principal References
GRS 1915-105 > 0.98 0.98± 0.01 [59, 60]
Cyg X-1 > 0.98 0.97+0.014−0.02 [61–63]
LMC X-1 0.92± 0.06 0.97+0.02−0.25 [64, 65]
GX 339-4 < 0.9 0.95± 0.03 [66, 67]
MAXI J1836-194 — 0.88± 0.03 [68]
M33 X-7 0.84± 0.05 — [69]
4U 1543-47 0.80± 0.10? — [70]
IC 10 X-1 >∼ 0.7 — [71]
Swift J1753.5 — 0.76+0.11−0.15 [72]
XTE J1650-500 — 0.84 ∼ 0.98 [73]
GRO J1655-40 0.70± 0.10? > 0.9 [70, 72]
GS 1124-683 0.63+0.16−0.19 — [74]
XTE J1752-223 — 0.52± 0.11 [75]
XTE J1652-453 — < 0.5 [76]
XTE J1550-564 0.34± 0.28 0.55+0.15−0.22 [77]
LMC X-3 0.25± 0.15 — [78]
H1743-322 0.2± 0.3 — [79]
A0620-00 0.12± 0.19 — [80]
XMMU J004243.6 < −0.2 — [81]
TABLE I. Summary of the most recent continuum-fitting and iron line measurements of the spin parameter of stellar-mass
black hole candidates under the assumption of the Kerr background. See the references in the last column for more details.
?These sources were studied in an early work of the continuum-fitting method, within a more simple model, and therefore here
the published 1-σ error estimates are doubled.
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FIG. 2. ISCO radius rISCO (in units M = 1) versus the black
hole spin parameter a∗ for the Kerr metric.
C. Testing black hole candidates with the
continuum-fitting method
The Novikov-Thorne model is formulated in a generic
stationary, axisymmetric, and asymptotically flat space-
time. The generalization of the continuum-fitting tech-
nique to non-Kerr background is thus quite straightfor-
ward. The calculations of the spectrum are done in a dif-
ferent way, because it is not possible to exploit the nice
properties of the Kerr metric, in which the resolution of
the equations of motion can be reduced to a calculation
of elliptic integrals. The details of the calculations for
non-Kerr metrics can be found in [55]. It is also worth
noting that in the Kerr metric the orbits in the equa-
torial plane are always vertically stable and the ISCO
is determined by the stability along the radial direction.
In non-Kerr backgrounds, this may not be true and the
ISCO radius may be marginally vertically stable. Addi-
tionally, whereas crossing the ISCO radius is sufficient
for freefall in Kerr, more generally, there may be space-
times for which the gas cannot plunge from the ISCO to
the black hole, but it must lose additional energy and
angular momentum [102].
The thermal spectrum of thin accretion disks in non-
Kerr spacetimes has been studied in [103–111]. Ref. [109]
revises the current spin measurements obtained with the
assumption of the Kerr background in the case of the
Johannsen-Psaltis metric with non-vanishing deforma-
tion parameter 3. Figs. 5 and 6 show some represen-
tative constraints from the continuum-fitting method on
the parameter 3
1.
1 We note that, while in the Kerr metric it is possible to restrict the
study to |a∗| ≤ 1 (see the discussion in Ref. [36] for the details),
in non-Kerr backgrounds one should consider also objects with
8FIG. 3. Top panel: Accretion disk luminosity in Edding-
ton units versus time for 766 spectra of LMC X-3. The
shaded region does not satisfy the thin disk selection crite-
rion L/LEdd < 0.3, as well as the data below the dotted line,
which marks L/LEdd = 0.05. Bottom panel: fitted value of
the inner disk radius of the 411 spectra in the top panel can
meet the thin disk selection criterion. From Ref. [82]. See the
text for more details.
FIG. 4. Luminosity profile from GRMHD simulations (solid
lines) and from the Novikov-Thorne model (dashed lines) for
a∗ = 0, 0.7, 0.9, and 0.98 (from bottom to top). From
Ref. [91]. See the text for more details.
|a∗| > 1, which may still be black holes and they may be created
by physically reasonable mechanisms. The spin-up of Manko-
Novikov compact objects (which are not black holes because they
may have singularities and regions with closed time-like curves
outside the event horizon) is discussed in Refs. [112, 113]. The
same mechanism should work for some non-Kerr black holes.
In the case of objects that look like slow-rotating Kerr
black holes, i.e., sources with low Novikov-Thorne ra-
diative efficiency ηNT = 1 − EISCO, where EISCO is the
specific energy of a test-particle at the ISCO, there is a
measurement degeneracy between the spin parameter a∗
and the deformation parameter 3. The Novikov-Thorne
radiative efficiency corresponds to the constant relating
the accretion luminosity Lacc and the mass accretion rate
M˙ through the disk, namely Lacc = ηNTM˙ . A low ηNT
is the case, for instance, for the black hole candidates in
A0620-00 and LMC X-3 shown in Fig. 5. The parame-
ter settings along the red line are indistinguishable and
the spin estimate within the Kerr hypothesis becomes an
allowed region in the spin parameter-deformation param-
eter plane (the regions between the two blue dashed lines
in Figs. 5).
If a source looks like a fast-rotating Kerr black hole,
namely it has a high Novikov-Thorne radiative efficiency
ηNT, then it is possible to constrain 3. This is the case
for GRS1915+105 and Cygnus X-1 shown in Fig. 6. The
same can be done in the case of other deformation pa-
rameters, see e.g. Ref. [110], but not with all [111]. The
point is that very deformed objects may not be able to
have a very high radiative efficiency. In other words, it
is not always easy to mimic very fast-rotating Kerr black
holes.
In the Kerr metric, there is a one-to-one correspon-
dence between the spin parameter a∗ and the ISCO ra-
dius rISCO, or the Novikov-Thorne radiative efficiency
ηNT. This is the key observable that permits the esti-
mate of the spin. rISCO, or ηNT become degenerate in
the presence of one more parameter of the spacetime ge-
ometry which perturbs the Kerr solution. Actually, in
a non-Kerr metric it is possible to see that one is most
sensitive to the radiative efficiency. Fig. 7 shows the con-
tour levels of rISCO (left panel) and ηNT (right panel) in
the plane spin parameter a∗ versus Johannsen-Psaltis de-
formation parameter 3. The shape of the contour lines
of ηNT is very similar to the shape of the constraints in
Fig. 5 and Fig. 6 (see Ref. [109] for more examples).
Lastly, we note that, in principle, an observation may
identify a black hole candidate with a Novikov-Thorne
radiative efficiency too high to be explainable as a Kerr
black hole. For a Kerr black hole, the maximum value of
ηNT is about 0.42 and is reached for a∗ = 1. Such an ob-
servation would be an indication of new physics. Notably,
all objects studied have been within the Kerr bounds; all
black hole candidates studied with the continuum-fitting
method are consistent with the Kerr black hole hypoth-
esis.
IV. IRON LINE SPECTROSCOPY
The X-ray spectrum of both stellar-mass and super-
massive black hole candidates presents emission lines that
are interpreted as the result of the illumination of a cold
accretion disk by a hot corona. One of the most promi-
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FIG. 5. Continuum-fitting constraints on the Johannsen-Psaltis parameter 3 from A0620-00 (left panel) and LMC X-3 (right
panel). The black dotted curve starting from the point a∗ = 1 and 3 = 0 and moving to lower values of the spin parameter at
larger 3 separates the region in which the horizon completely covers the black hole singularity (on the left of the dotted curve)
from the region in which the black hole singularity is naked (on the right of the dotted curve). From Ref. [109]. See the text
for more details.
-5
 0
 5
 10
 15
 0  0.5  1
 3
a*
GRS 1915+105
Allowed Region
Excluded Region
-5
 0
 5
 10
 15
 0  0.5  1
 3
a*
Cygnus X-1
Allowed Region
Excluded Region
FIG. 6. Continuum-fitting constraints on the Johannsen-Psaltis parameter 3 from GRS 1915+105 (left panel) and Cygnus X-1
(right panel). The black dotted curve starting from the point a∗ = 1 and 3 = 0 and moving to lower values of the spin
parameter at larger 3 separates the region in which the horizon completely covers the black hole singularity (on the left of the
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nent emission lines is iron Kα at 6-4-7.0 keV, depending
on ionization state: this line is intrinsically narrow in
frequency, while the one in the spectrum of black hole
candidates becomes broad and skewed due to relativis-
tic effects. Other explanations have been proposed, but
reverberation lag measurements provide strong support
of the relativistic interpretation and disfavor or rule out
other explanations [114].
While the continuum-fitting method requires indepen-
dent measurements of the mass, the distance, and the
viewing angle of the source, the iron line analysis does
not need them: mass and distance have no impact on
the line profile, as the physics is essentially independent
of the size of the system, while the viewing angle can be
inferred during the fitting procedure from the effect of
the Doppler blueshift.
A. Disk-corona model
The actual geometry of the corona is not known and
several scenarios may be possible. A configuration sim-
ilar to the so-called lamppost geometry is sketched in
Fig. 8. Here we have a black hole surrounded by a cold
thin accretion disk and there is a “hot corona” just above
the black hole. Within this set-up, the corona may be
the base of a jet. In the corona, there are hot electrons
cooled by inverse Compton scattering from the thermal
spectrum of the disk. The hot corona’s scattered pho-
tons act as an X-ray source, which is seen as a power-law
component in the X-ray spectrum of the object. Some
radiation illuminates the disk, producing a reflected com-
ponent which includes emission lines, the most prominent
of which is the iron Kα line.
As in the continuum-fitting method, the iron line mea-
surement assumes that the accretion disk can be de-
scribed by the Novikov-Thorne model [49, 50], and cru-
cially depends on the inner edge of the disk being located
at the ISCO radius. The latter point can be tricky for
the iron line analysis, because there is controversy over
this assumption in hard states which are those most fre-
quently employed in reflection modeling. Specifically, it
is argued whether the disk is in fact truncated at some
radius larger than the ISCO [115–117]. At present, evi-
dence indicates that if truncation is present, it is likely
to be mild (a factor of a few). If one were to fit data for
a system in which the disk were truncated, and make the
usual assumption that the inner-edge was at the ISCO,
then the fit would incorrectly underestimate the value of
spin (relative to the resulting Kerr prediction if it were
truncated at the ISCO radius). The same question is at
play for using reflection to test the Kerr metric with data
from faint hard-states.
B. Spin measurements with the iron line
Since the shape of the iron line profile is the result of
relativistic effects, its study can potentially be used to
investigate the spacetime geometry around a black hole
candidate. Assuming the Kerr metric, the technique can
estimate the spin parameter a∗ [118–121]. In practice,
one models the full reflection spectrum although the iron
Kα line and edge are the most pronounced features.
The shape of the line is primarily determined by the
background metric, the geometry of the emitting region,
the disk emissivity, and the viewing angle of the disk. In
the Kerr metric, the background has only one parameter,
the spin a∗, while the mass of the black hole sets the scale
of the system and does not affect directly the shape of
the line. The emission region is the accretion disk, with
the inner radius rin = rISCO and some outer radius rout.
The latter is usually assumed large enough that its exact
value does not matter. The intensity profile is a subtle
point. It may be modeled as a power-law Ie ∝ r−q. In
the simplest case, the emissivity index q is a constant
to be determined by the fit. A slightly more sophisti-
cated choice it to assume an intensity profile Ie ∝ r−q
for r < rbreak and Ie ∝ r−3 for r > rbreak, where q = 3
corresponds to the Newtonian limit in the lamppost ge-
ometry at large radii far from the X-ray source. With
this choice, we have two free parameters for the emis-
sivity profile, q and rbreak, to be determined by the fit.
Assuming that the hot corona is point-like and on the
axis of the accretion disk, (or equivalently for any ge-
ometry which can be similarly specified) it is possible to
compute the emissivity index q = q(r) according to the
height of the corona h [122].
The impact of the viewing angle i, the emissivity index
q, and the spin parameter a∗ on the iron line profile is
shown in Fig. 9. The viewing angle mainly affects the
Doppler boosting, such that the high energy part of the
profile shifts to higher energies as i increases. The max-
imum blueshift is produced at 10-15 gravitational radii
from the center, where the gas velocity is still high and
the gravitational redshift is much weaker than at smaller
radii. The emissivity index dictates the contribution from
every radius on the disk. As q increases, the radiation
is more centrally concentrated. Therefore, even the peak
of the line moves to lower energies, since the radiation
is more strongly affected by gravitational redshift. The
main effect of the spin parameter is to change the posi-
tion of the ISCO radius. If a∗ increases, a more significant
fraction of the photons arriving at the detector are emit-
ted very close to the black hole. Here the gravitational
redshift is stronger and therefore the red tail of the iron
line moves to lower energies.
A summary of current spin measurements of stellar-
mass and supermassive black hole candidates with the
iron line technique is shown in Tabs. I and II. In the
case of stellar-mass black hole candidates, some iron line
measurements can be compared to the continuum-fitting
results. They typically agree. For instance, in the case
11
-4
 0
 4
 8
 12
 0  0.2  0.4  0.6  0.8  1  1.2
¡ 3
a*
6M
5M
4M
3M
3M
2M
-4
 0
 4
 8
 12
 0  0.2  0.4  0.6  0.8  1  1.2
¡ 3
a*
0.06
0.08
0.10
0.15 0.20 0.20
0.25
0.30
FIG. 7. Contour levels of the ISCO radius rISCO (left panel) and of the Novikov-Thorne radiative efficiency ηNT = 1− EISCO
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of Cygnus X-1 and GRS 1915 both measurements find a
high value of the spin parameter. For supermassive black
hole candidates, the iron line is today much better suited
for measuring the spin parameter of these objects and
therefore it is not possible to cross-check the validity of
the method. It is worth noting that supermassive black
hole candidates are often found with high or extreme
values of the spin parameter.
C. Testing black hole candidates with the iron line
Since the shape of the profile of the iron line is deter-
mined by Doppler boosting, gravitational redshift, and
light bending, the geometry of the spacetime affects the
FIG. 8. Corona-disk model with a schematic configuration
similar to the widely-used lamppost geometry in the case
of vanishing coronal size. The black hole has a geometri-
cally thin and optically thick accretion disk. The corona is a
hot electron cloud acting as an X-ray source and located just
above the black hole. The corona illuminates the disk, pro-
ducing a reflection component, the most prominent feature of
which is usually the iron Kα line.
line shape, and its analysis can potentially be used to
test the Kerr metric [142–148].
The impact of the Johannsen-Psaltis deformation pa-
rameter 3 on the iron line profile is shown in the right
bottom panel in Fig. 9. Like the spin parameter a∗, the
main effect of 3 is to vary the ISCO radius. If 3 becomes
positive (negative), the radius of the ISCO decreases (in-
creases) and thus the low energy tail of the line moves
to lower (higher) energies with respect to the Kerr case
with the same spin parameter. This is analogous to the
continuum-fitting method. However, the iron line has a
distinctive structure and its shape is not as simple as the
that of the thermal spectrum of a thin disk.
The constraining power of the iron line has been ex-
plored in [147, 148]. The conclusion of these papers
is that, in the absence of high quality X-ray data (the
circumstance of current observations), the continuum-
fitting and the iron line methods provide similar con-
straints. In the case of the continuum-fitting method, the
main source of uncertainty comes from measurements of
the mass, distance, and inclination angle of the source,
which typically come from optical observations. In the
case of the iron line of AGN, the main limitation is the
low photon count. In the presence of high quality X-ray
data with a sufficiently high number of photon counts in
the iron line, the iron line measurement can do a much
better job and break the degeneracy between the spin
and possible deviations from the Kerr solution (at least,
provided we have a firm grasp of the corona’s geometry).
Figs. 10-12 show the constraints on a∗ and the
Cardoso-Pani-Rico deformation parameters t3 and 
r
3 ob-
tained from simulations (see Ref. [148] for the details).
Fig. 10 shows the ∆χ2 contours assuming an observation
with with N = 104 photons in the iron line. The simu-
lation assumes the line contributes an equivalent width
of ∼ 400 eV, and includes a power-law continuum (with
photon index Γ = 2). It is for a Kerr black hole with spin
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parameter a′∗ = 0.5 and inclination angle i
′ = 20◦ (left
panels) and 70◦ (right panels). In the top panels, t3 may
vary and r3 = 0. The bottom panels show the opposite
case, with t3 = 0 and 
r
3 free. In all these figures, q is
fixed at 3.
Fig. 11 is like Fig. 10, but now the simulations are for
a Kerr black hole with spin parameter a′∗ = 0.95. As in
Fig. 10, the deformation parameters can be better con-
strained when the inclination is high (which maximizes
relativistic effects) and t3 is easier to constrain than 
r
3. A
fast-rotating Kerr black hole is a more promising source
to test the Kerr metric. This can be easily understood
given the fact the inner edge of the disk is closer to the
compact object and this, again, maximizes relativistic
effects.
Fig. 12 is like Fig. 11, but we assume a lower photon
count in the line, N = 103. This is roughly the signal
available in present data of a bright AGN with current
X-ray facilities. The constraints are definitively worse
than those in Fig. 11. At the moment, the limitation
of the iron line measurement is set by the photon count
and it is difficult to break the degeneracy between spin
and the deformation parameter. A sufficiently strong sig-
nal combined with an informed astrophysical model can
achieve this test with next-generation instruments.
It is worth noting that, in the case of black hole bi-
naries, there are additional complications to the reflec-
tion model. The degree of ionization in the disk is much
higher, and so proper modeling of the ionization profile
may be of greater importance (presently, this complica-
tion is generally ignored). Further, the thermal compo-
nent in the soft X-ray band produces additional Comp-
toniization in the disk and the thermal component it-
self can make modeling challenging for disentangling the
contribution of the disk from the the low-energy tail of
the iron line. “Bare” AGN may thus be more suitable
for testing the Kerr metric with the iron line. However,
Galactic black hole binaries provide the distinct advan-
tage of being quite bright which is an important advan-
tage given that observations of AGN are frequently lim-
ited in precision by the signal available in the broad iron
line.
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AGN a∗ (iron) LBol/LEdd Principal References
IRAS 13224-3809 > 0.995 0.71 [123]
Mrk 110 > 0.99 0.16± 0.04 [123]
NGC 4051 > 0.99 0.03 [124]
MCG-6-30-15 > 0.98 0.40± 0.13 [125, 126]
1H 0707-495 > 0.98 ∼ 1 [123, 127, 128]
NGC 3783 > 0.98 0.06± 0.01 [124, 129]
RBS 1124 > 0.98 0.15 [123]
NGC 1365 0.97+0.01−0.04 0.06
+0.06
−0.04 [130–132]
Swift J0501.9-3239 > 0.96 — [123]
Ark 564 0.96+0.01−0.06 > 0.11 [123]
3C 120 > 0.95 0.31± 0.20 [133]
Ark 120 0.94± 0.01 0.04± 0.01 [123, 134, 135]
Ton S180 0.91+0.02−0.09 2.1
+3.2
−1.6 [123]
1H 0419-577 > 0.88 1.3± 0.4 [123]
Mrk 509 0.86+0.02−0.01 — [123]
IRAS 00521-7054 > 0.84 — [136]
3C 382 0.75+0.07−0.04 — [123]
Mrk 335 0.70+0.12−0.01 0.25± 0.07 [123, 134]
Mrk 79 0.7± 0.1 0.05± 0.01 [137, 138]
Mrk 359 0.7+0.3−0.5 0.25 [123]
NGC 7469 0.69± 0.09 — [134]
Swift J2127.4+5654 0.6± 0.2 0.18± 0.03 [134, 139]
Mrk 1018 0.6+0.4−0.7 0.01 [123]
Mrk 841 > 0.56 0.44 [123]
Fairall 9 0.52+0.19−0.15 0.05± 0.01 [123, 134, 140, 141]
TABLE II. Summary of the iron line measurements of the spin parameter of supermassive black hole candidates under the
assumption of the Kerr background. See the references in the last column and [120] for more details.
D. Comparison between continuum-fitting and iron
line methods
In the case of stellar-mass black hole candidates, both
the continuum-fitting and the iron line methods are ap-
plicable and, as shown in Tab. I, there are several objects
that have been studied with both the techniques. Since
parameter degeneracy between spin and possible devi-
ations from the Kerr geometry is the main problem in
tests of the Kerr metric, it is natural to examine whether
the combinations of the two measurements for the same
source can be helpful in breaking the parameter degen-
eracy [149].
As reviewed in Subsection III C and is evident from
Figs. 5-7, the continuum-fitting method measures the po-
sition of the ISCO radius and cannot obviously return
more information because the shape of the spectrum is
so simple that it is not possible to extract additional in-
formation. The iron line profile has a more complicated
structure and it depends on several parameters that have
to be fitted at the same time. This complexity is on the
one hand cumbersome and on the other a crucial feature.
However, the main signature of the spacetime geometry
is the extension of the low energy tail, which is directly
related to the position of the ISCO radius: if the lat-
ter is closer to the compact object, the radiation emitted
from the inner part of the accretion disk is more signif-
icantly affected by gravitational redshift and therefore
the low energy tail extends to lower energies. In the end,
in the presence of a typically weak signal, even the iron
line achieves just a measurement of the ISCO radius and
therefore the two techniques should obtain similar results
and are not equipped to break the parameter degeneracy.
Given sufficiently high-signal data, the iron line can po-
tentially do a better job and break the degeneracy.
The conclusion of the study in [149] is thus that, in
general with present data, the combination of the two
approaches is not successful in proving departures from
Kerr. If we assume the Kerr metric and we obtain the
same spin measurement from both techniques, this is
mere confirmation of the key assumption of these mod-
els, namely that the inner edge of the disk is at the ISCO
radius. Such confirmation may be directly useful for the
methods, but it falls short of our more ambitious aim. In
the presence of high precision measurements, a discrep-
ancy between the two values of the two estimates can
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FIG. 10. Top panels: ∆χ2 contours with N = 104 from the comparison of the iron line profile of a Kerr black hole simulated
using an input spin parameter a′∗ = 0.5 and an inclination of i
′ = 20◦ (left panel) and i′ = 70◦ (right panel) versus a set of
Cardoso-Pani-Rico black holes with spin parameters a∗ and a non-vanishing deformation parameter t3. Bottom panels: as in
the top panels for a non-vanishing deformation parameter r3. For simplicity, q is fixed to 3 and is not a fit parameter. From
Ref. [148].
arise (depending on the deviations from Kerr), but gener-
ally would require such precision and signal that the iron
line data alone would provide its own constraint. Given
present systematic uncertainties, if the continuum-fitting
and the iron line methods do not provide consistent mea-
surements of the spin parameter (under the assumption
of the Kerr background), then the first and most likely
possibility to explore is in the astrophysical model.
V. SUMMARY AND CONCLUSIONS
The continuum-fitting and the iron line methods are
currently the principal techniques for probing the space-
time geometry around black hole candidates and testing
the no-hair theorem. Other approaches, like measure-
ments of quasi-periodic oscillations [150–153], observa-
tion of a pulsar orbiting a black hole candidate [154, 155],
or detection of the black hole shadow [156–158], may be
possible in the future.
The continuum-fitting and the iron line methods were
originally proposed and developed to measure the spin
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FIG. 11. Top panels: ∆χ2 contours with N = 104 from the comparison of the iron line profile of a Kerr black hole with an input
spin parameter a′∗ = 0.95 and an inclination of i
′ = 20◦ (left panel) and i′ = 70◦ (right panel) versus a set of Cardoso-Pani-Rico
black holes with spin parameters a∗ and a non-vanishing deformation parameter t3. Bottom panels: as in the top panels for a
non-vanishing deformation parameter r3. For simplicity, q is fixed to 3 and is not a fit parameter. From Ref. [148].
parameter of black hole candidates under the assumption
that their spacetime metric is described by the Kerr solu-
tion. The generalization to test black hole candidates is
quite straightforward. This approach, strictly speaking,
does not test general relativity, because the properties of
the electromagnetic radiation emitted by the gas in the
disk depends on the motion of the particle of the gas in
the disk and the propagation of the radiation from the
disk to the detector – namely it only depends on the
background metric – and it cannot distinguish a Kerr
black hole in general relativity from a Kerr black hole in
an alternative theory of gravity, as the geodesic motion
is the same. The approach in question tests the validity
of the Kerr metric.
The continuum-fitting method consists of analysis of
the thermal spectrum of a geometrically thin and opti-
cally thick accretion disk. The technique is relatively ro-
bust and well understood. In the Kerr metric, there is a
one-to-one correspondence between the spin and the disk
radiative efficiency/ISCO radius, and this permits us to
estimate the spin parameter. If we relax the Kerr black
hole hypothesis, there is typically a degeneracy between
the spin and possible deviations from the Kerr solution,
with the result that, in general, the continuum-fitting
method cannot, by itself, test the Kerr metric. How-
ever, it is possible for this approach to constrain certain
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FIG. 12. As in Fig. 10 for N = 103. From Ref. [148].
deviations, because very deformed objects may have a
low radiative efficiency and therefore the observation of
a black hole candidate with high efficiency (i.e., like a
fast-rotating Kerr black hole) may rule out such defor-
mations.
The analysis of the iron line profile is potentially a
more powerful probe, but the astrophysical model is more
complicated and a rigorous model requires deeper knowl-
edge of the corona, the nature of which is poorly un-
derstood at present. Furthermore, for AGN, an order
of magnitude (or more) increase in the signal of typical
spectral data is needed. The main impact of the space-
time geometry on the iron line is on the redward extent of
the low energy tail. This, in turn, is linked to the ISCO
radius, as well as other “hair” which may be present.
With current X-ray data, the continuum-fitting and the
iron line measurements seem to be able to provide com-
parable constraints. With better quality data in the near
future, and with a better handle on the systematics, great
advances may be possible, particularly using the rich in-
formation imprinted by reflection in the strong-gravity
domain.
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